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Abstract: It has been argued that certain reduced actions play a role in AdS/CFT
when comparing fast moving strings to long single trace operators in gauge theories.
Such actions arise in two ways: as a limit of the string action and as a description
of long single trace field theory operators. They are non-relativistic sigma models
with the target space usually being a Ka¨hler manifold. They are non-renormalizable
and need a cut-off in the wave-length. If the total spin (or charge) contained in a
minimal wavelength is large compared to one, the system behaves semiclassically and
an expansion in loops is meaningful.
In this paper we apply the renormalization group procedure to such actions and find,
at one-loop, that the Ka¨hler potential flows in the infrared to a Ka¨hler-Einstein one.
Therefore, in this context, the anomalous dimensions of long operators are determined
by a fixed point. This suggests that certain features of the large N-limit might be
independent of the detailed properties of a gauge theory.
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1. Introduction
It has since long been suspected that four dimensional confining theories have a dual
string description in the large-N limit [1]. Relatively recently a precise example of
a duality between a gauge theory and a string theory was established through the
AdS/CFT correspondence [2]. Following that, Berenstein, Maldacena and Nastase [3]
show a matching between certain operators in the boundary theory and excited strings
in the bulk. Such relation turned out to be part of a more general relation between
semi-classical strings in the bulk [4] and certain operators in the boundary 1. In an-
other development, Minahan and Zarembo [8] observed that the one-loop anomalous
dimension of operators composed of scalars in N = 4 SYM theory follows from solving
and integrable spin chain2. This allowed the authors of [10, 11] to make a much more
detailed comparison between particular string solutions and operators in the gauge
theory.
It was later suggested [12] that a classical sigma model action follows from consid-
ering the low energy excitations of the spin chain. It turned out that such action agrees
1See the recent reviews [5, 6, 7] for a summary with a complete set of references.
2In QCD the relation between spin chains and anomalous dimensions had already been noted in [9].
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with a particular limit of the sigma model action that describes the propagation of the
strings in the bulk. This idea was extended to other sectors including fermions and
open strings in [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24] and to two loops in [25].
In [26, 27] the relation to the Bethe ansatz approach was clarified. Further, similar
possibilities were found in certain subsectors of QCD [28]. A different but related ap-
proach to the relation between the string and Yang-Mills operators has been pursued in
[29, 30, 31] where a geometric description in terms of light like world-sheets was found.
In that respect see also [32]. A similar picture seems to appear also in other sector [33].
Recently a large class of new examples of the AdS/CFT correspondence was found.
They are of the form AdS5 ×X5 where X5 is a Sasaki-Einstein manifold. In the new
examples, X5 is one of the so called Y
p,q and Lp,q|r manifolds whose metrics where
found in [34, 35] and [36], and the dual gauge theories in [37] and [38].
It was natural to see if the methods of the reduced action could be applied to such
case. This was considered in [39] for the Y p,q case. The field theories are strongly cou-
pled and therefore no field theory calculations were possible. However it was suspected
that the string action only captures generic properties of the operators. That was par-
tially confirmed by using a simplified model for the operators which, in the classical
limit, was described by an action similar (but not equal) to the action derived from
the string side. It was further argued that in the infrared, the action of the simplified
model should flow to the one obtained from the string side. This was based on the
fact that the metric in the string side satisfied the Einstein equations (with cosmolog-
ical constant) and the idea that the Einstein equation was a natural candidate for an
equation determining an infrared fixed point of the action.
In this paper we analyze this problem for a class of actions that depend on a
Ka¨hler potential in an n complex dimensional manifold. They include most of the
known examples of reduced actions.
By doing a one-loop computation we confirm that the reduced action obtained
from the string side is at a fixed point. However for an action to flow towards that
fixed point, some conditions have to be met which do not seem to be satisfied by the
simplified model of [39]. This means that, although the basic idea is correct, in the sense
that a large class of models flow to the one of interest, the particular one considered in
[39] does not seem to be in that class. It would be interesting to see if there is a simple
model that actually have the correct properties.
Before proceeding we should note that, in the SU(2) case, loop corrections were
studied in several papers [40] (see also [25]). The work here could be useful in finding an
expression for the one-loop corrections independent of the particular classical solution
considered. This calculation of higher order terms in the effective action is interesting
but will not be attempted here.
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Another comment is about the cut-off. In the spin chain side there is a natural
cut-off given by the lattice spacing. In the string side although there is no cut-off in
the original action, the reduced action also has a cut-off that determines its regime of
validity. This follows already from the BMN analysis which considers an ultrarelativistic
string. If the momentum J of the string is large and fixed, there is a maximum possible
wave number for the string excitations, otherwise the mass of the string will be large
and the ultrarelativistic approximation no longer valid.
The organization of this paper is as follows: in section §2 we review some properties
of the reduced action and give the motivation for the calculation. In section §3 we
study the action and analyze its scaling properties. In section §4 we use Wilson’s
renormalization group approach at one loop to compute the flow of the action to the
infrared. We end in section §5 by giving an example. Finally we give our conclusions
in section §6.
2. Reduced actions
In [12] (see also [25]), it was argued that the action (which we write here in Euclidean
space):
S = −iµ
∫
cos θφ˙+
λ
2
∫ [
(∂σθ)
2 + sin2 θ(∂σφ)
2
]
(2.1)
could be used to compute the anomalous dimensions of long operators in the SU(2)
sector of N = 4 SYM. The same action appears as a limit of the string action moving
in the bulk. This action describes the motion of spins pointing parallel to the direction
~n = (sin θ cosφ, sin θ sinφ, cos θ) subjected to a ferromagnetic interaction that tends
to put them parallel to each other. Furthermore, µ is the spin of each site, namely
it can be considered as a spin density, and λ is a coupling constant that determines
the strength of the interaction. The coordinate σ is integrated from 0 to the length of
the chain L. This means that µL is the maximum total spin, namely the spin of the
ferromagnetic ground state.
This action can be put in the generic form (generalized to d spatial dimensions):
S = µ
∫
ddx dt
(
z˙µ∂µK − ˙¯zµ¯∂µ¯K
)
+ λ
∫
ddx dt ∂µν¯K ∂jz
µ∂j z¯
ν¯ (2.2)
where K is a Ka¨hler potential in an n-complex dimensional Ka¨hler manifold. Since
in the rest of the paper we study this action in detail it is appropriate to summarize
here our notation. The sigma model is a field theory in d spatial dimensions denoted
as i, j, . . . = 1 . . . d and one Euclidean time denoted as t. Time derivatives are denoted
with a dot. The target manifold has complex dimension n and holomorphic coordinates
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zµ with µ, ν . . . = 1 . . . n and anti holomorphic zµ¯ with µ¯, ν¯, . . . = 1 . . . n. We also
find convenient at times to consider the manifold as a 2n dimensional manifold with
coordinates xα with α, β, . . . = 1 . . . 2n. We also introduce a local frame (vielbein)
with n holomorphic one-forms eaµ labeled by a, b, . . . = 1 . . . n and n anti-holomorphic
ea¯µ¯ labeled by a¯, b¯ . . . = 1 . . . n. We also consider a real frame e
a
α where now a, b . . . =
1 . . . 2n.
As an example, (2.1) corresponds to d = 1, n = 1, K = ln(1 + zz¯), since a two
sphere is a one dimensional complex manifold. Another example appeared in [39] where
the same type of action was found for a string moving fast in AdS5×Y p,q in such a way
that each piece of the string moves approximately along a BPS geodesic. In the string
side, the appearance of a Ka¨hler metric is related to supersymmetry but in the field
theory side it seems a feature emerging from the coherent state method of obtaining the
classical action. In that case the complex manifold is a submanifold of CP (n) which
is the space of states of a quantum system with n discrete states. These states are the
ones that can appear in a site of the spin chain. For example in the SU(2) case there
are two states and we get CP (2) = S2. In general however the states can be written
in terms of a smaller set of parameters which parameterize the vacuum states.
In the case of Y p,q, the target manifold of the sigma model has two complex di-
mensions and SU(2) isometry. We refer the reader to [39] for the particular form of
the Ka¨hler potential since that is not essential for what we do in the present paper. To
clarify a bit however we just mention that the four dimensional manifold in question is
the base of the Y p,q manifold. The manifold Y p,q is five dimensional and can be writ-
ten as a U(1) fibration over the four dimensional Ka¨hler base. The base has orbifold
singularities although the 5-d manifold is regular.
The properties of the action (2.2), for generic K, is the focus of the rest of this
paper. We should note that the actual action has an infinite number of terms from
which we are considering only the lowest order ones in an expansion in derivatives.
This is allowed as long as we are concerned with the lowest energy states. From that
point of view we study the flow under renormalization of these terms and ignore the
others.
3. Perturbative expansion
In this section we analyze the action (2.2) to understand the generic properties of
its perturbative expansion. For this purpose it is convenient to consider the target
manifold a 2n real manifold (see below eqn.(2.2) for notation) and write the action as
S = −iµ
∫
ddx dtAαx˙
α +
λ
2
∫
ddx dt gαβ∂jx
α∂jx
β (3.1)
– 4 –
where α = µ, µ¯ and Aµ = i∂µK, Aµ¯ = −i∂µ¯K, gµν¯ = ∂µν¯K. Since the action is
adimensional we obtain the following units
[µ] =
1
Ld
, [λ] =
1
TLd−2
(3.2)
where L denotes units of length and T of time. We see that µ is a density which in the
SU(2) case is the spin density and generically we can call it a charge density. As we
see below the theory is not renormalizable so we need to introduce a UV cutoff Λ that
we take to have units of momentum ([Λ] = 1/L). The only adimensional quantity we
can construct is µΛ−d. Since Λ−1 is the minimal wavelength, µΛ−d is the total spin or
charge contained in the minimal volume we consider. For example, in the SU(2) case,
we can think that such elementary volume can be replaced by a single spin of value
S = µΛ−d. If S ≫ 1 each spin (and therefore the whole system) behaves classically
which leads us to expect that the loop counting parameter ~ is given by ~ = 1
S
= 1
µΛ−d
.
This means that, as long as the waves we consider only move the spins in big groups,
the classical approximation is valid.
Lets us make this more precise. Expanding xα around a constant background
xα = xα0 + δx
α it is easy to see that we can write a perturbative expansion with a
propagator
〈δx(k, ω)δx(k, ω)〉 ∼ 1
λk2 + 2iµω
(3.3)
and vertices of two types. One type of vertex is proportional to µ and contains one time
derivative and the other is proportional to λ and contains two spatial derivatives. Both
can contain arbitrary number of fields. A generic nl-loop amplitude with nE external
legs, coming from a Feynman diagram with ntV vertices of the first type and n
σ
V vertices
of the second type is given schematically by:
A ∼ λnσV µntV
[∫
ddk dω
]nl [ 1
λk2 + 2iµω
]nL (
k2
)nσ
V ωn
t
V (3.4)
where nL is the number of internal propagators and we suppressed the labels of the
momenta. There are nl independent loop momenta which are integrated. Also the
momenta of the propagators are linear combinations of the loop and external momenta.
We can now rescale all k and ω as k → k/√λ , ω → ω/µ to get
A ∼ 1(
µλ
d
2
)nl
[∫
ddk dω
]nl [ 1
k2 + 2iω
]nL (
k2
)nσ
V ωn
t
V (3.5)
To do the integrals we put a cut-off such that k4 + ω2 ≤ λ2Λ4 (or λ2k4 + µ2ω2 ≤ λ2Λ4
before the rescaling). If we rescale the external momenta with the cut-off, then, since
– 5 –
√
λΛ is the only remaining scale in the integral, we can use dimensional analysis to find
that
A =
1(
µλ
d
2
)nl (√λΛ)(d+2)nl−2(nL−nV ) Φ( pΛ , µλ wΛ2
)
=
λΛ2
(µΛ−d)nl
Φ
( p
Λ
,
µ
λ
w
Λ2
)
(3.6)
where we used that the number of propagators nL is related to the number of vertices
and loops by
nl = nL − ntV − nσV + 1 (3.7)
by simple counting. We also wrote explicitly the dependence on the external momenta
and energies (p, w) through a function Φ that should be determined from the actual
calculation. We assume here that the external momenta provide an infrared cut-off to
possible IR divergences. In the next section we use an alternative Wilsonian approach
where one only integrates a thin momentum shell and therefore no IR divergences can
appear. So, as expected, we obtain that the loop counting parameter is 1
µΛ−d
which is
the inverse of the total charge or spin contained in the minimal volume we consider.
When that is large, loop corrections are suppressed and the system behaves classically.
In the effective action this amplitude contributes terms of the form
Seff ∼
λ
(µΛ−d)nl
(µ
λ
)nt
Λ2−2nt−nσ
∫
ddx dt h
j1...jnσ
α1...αnt ,β1...βnσ
x˙α1 . . . x˙αnt∂j1x
β1 . . . ∂jnσx
βnσ
(3.8)
where the coefficients hj1...jnσα1...αnt ,β1...βnσ
can be determined by expanding Φ. If the momenta
are of order k ∼ Λ˜ and the energies of order ω ∼ λ
µ
Λ˜2 such term is of order
Seff ∼
λΛ2
(µΛ−d)nl
(
Λ˜
Λ
)2nt+nσ
(3.9)
which expresses both, the fact that higher loop corrections are suppressed when (µΛ−d)≫
1 and that higher derivative terms are suppressed at low energy (Λ˜ ≪ Λ). The first
fact justifies the loop (or semi-classical) expansion and the second the restriction to
lowest order terms.
4. One-loop renormalization group
In this section we study the one-loop renormalization group of the action. The renor-
malization of sigma models has been studied long ago by Honerkamp and collabora-
tors [41]. The idea that the metric is modified by the loop corrections is well known
from the work of Friedan [42] and is a cornerstone of string theory (see e.g. [43, 44]).
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At the one-loop order it is convenient to use Wilson’s procedure of integrating a thin
momentum shell which was first applied to sigma models by Polyakov [45].
As in the previous section, we write the action (2.2) in Euclidean space as
S = −iµ
∫
ddx dtAαx˙
α +
λ
2
∫
ddx dt gαβ∂jx
α∂jx
β (4.1)
where α = µ, µ¯ runs over holomorphic and antiholomorphic indices and:
Aµ = i∂µK (4.2)
Aµ¯ = −i∂µ¯K (4.3)
gµν¯ = ∂µν¯K (4.4)
The action has a cut-off Λ determining the maximum spatial momentum k of the fields.
To study the renormalization group we do three steps:
• First we divide the fields into slow (k < Λe−b) and fast (Λe−b < k < Λ) and
integrate out the fast modes getting a theory with cut-off Λe−b.
• Then we rescale the coordinates so that the cut-off goes back to being Λ.
• Finally we rescale K to normalize the target metric.
For the first step we should do the separation in fast and slow modes in a generally
covariant way. This is not only to get more elegant expressions but also because, in
general, to parameterize the target manifold, we need to introduce different coordinate
patches. Coordinates in different patches are related by a coordinate transformation
and therefore, if our procedure is not invariant under those, the resulting action will
not be well defined. In the case of a complex manifold we are interested in, we only
need to ask for invariance under holomorphic transformations.
The best way to do the expansion is to use normal coordinates [41, 42] and consider
fluctuations as
xα = xα0 + ξ
α − 1
2
Γαβγξ
βξγ +
1
6
(
2ΓαβγΓ
β
φδ − ∂γΓαφδ
)
ξγξδξφ + . . . (4.5)
where Γαβγ =
1
2
gαα
′
(gβα′,γ + gγα′,β − gβγ,α′) is the connection. Expanding a generic
tensor we get (here we follow [46])
∂xα1
∂ξβ1
. . .
∂xαl
∂ξβl
Tα1...αl = Tβ1...βl+Tβ1...βl;αξ
α+
1
2
{
Tβ1...βl;αβ +
1
3
∑
i
RαiαββiTβ1...αi...βl
}
ξαξβ+. . .
(4.6)
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where Rαβγδ is the Riemann tensor and the semicolon “;” indicates covariant derivative.
In particular
∂xβ
∂ξα
Aβ = Aα + Aα;βξ
β +
1
2
{
Aα;βγ +
1
3
RδβγαAδ
}
ξβξγ + . . . (4.7)
Also we get from [46]
∂ξβ
∂xα
∂jx
α = ∂jx
β
0 +Djξ
β +
1
3
Rβγδα ∂jx
α
0 ξ
γξδ + . . . (4.8)
where we defined the covariant derivative
Djξ
β = ∂jξ
β + Γβαγ ∂jx
α
0 ξ
γ (4.9)
Finally, we introduce a set of vielbeins eαa (x0) such that δ
abeαae
β
b = g
αβ and fluctuations
ξa through
ξβ = eβa ξ
a (4.10)
which leads to the covariant derivative
Djξ
a = ∂jξa + ωα
a
b ∂jx
α ξb (4.11)
Here ωα
a
b is the usual spin connection defined as
ωα
a
b = e
a
β e
β
b;α (4.12)
Since the vielbein is arbitrary, the classical action has an SO(2n) gauge invariance.
Again, since usually a vielbein is not globally defined, the perturbation procedure
should also be SO(2n)-gauge invariant so that one can transition between different
patches with vielbeins differing by arbitrary rotations. In our case however we need
only to respect a U(n) gauge invariance since the vielbeins are divided into holomorphic
and antiholomorphic and we consider only rotations that do not mix them.
Putting all together we expand the action to second order as
S = S(0) + S(2) (4.13)
with
S(2) =
iµ
2
∫
Fabξ
bDtξ
a +
iµ
2
∫
Fαa;bξ
aξbx˙α0
+
λ
2
∫
Djξ
aDjξ
a +
λ
2
∫
Rαabβ ∂jx
α
0∂jx
β
0 ξ
aξb (4.14)
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where Fαβ = ∂αAβ − ∂βAα is the field strength associated with Aα and Fab = eαaeβbFαβ .
We note that the first order term in the action vanishes since there is no overlap between
fast and slow modes.
To proceed we are going to consider the particular case we are interested in where
Aµ = i∂µK, Aµ¯ = −i∂µ¯K ⇒ Fµν¯ = −2i∂µν¯K = −2igµν¯ (4.15)
This means that
Fab¯ = −2iδab¯ (4.16)
where we split a into holomorphic and antiholomorphic indices a, a¯ (see below eq.(2.2).
Furthermore, from (4.15) we obtain:
Fαa;b = 0 (4.17)
as we knew since Fαβ is actually the Ka¨hler form. Using this, the quadratic action
reduces to
S(2) = 2µ
∫
ξa¯∂tξ
a + 2µ
∫
ωαa¯bξ
a¯ξbx˙α0 + λ
∫
Djξ
a¯Djξ
a (4.18)
+
λ
2
∫ (
Rµab¯ν¯ +Rν¯ab¯µ +Rµb¯aν¯ +Rν¯b¯aµ
)
∂jx
µ
0∂jx
ν¯
0ξ
aξ b¯ (4.19)
To proceed we should introduce a cut-off in a gauge invariant way. For example we
can use a proper time regularization [47] to define the inverse and determinant of the
quadratic operator. From a more modern perspective we can probably use dimensional
regularization in the spatial directions although it is not clear then how to treat the
time direction. After doing the gauge invariant regularization, the spin connection
ωα
a
b, which is the U(n) gauge field, can appear only in gauge invariant combinations.
If we call its field strength (which is esentially the Riemann tensor) F then, due to
rotational invariance, at first sight we can only have combinations such as F0jF0j or
FijFij which are higher order in time or spatial derivatives. However, one can see that
a possible gauge invariant term in the action is
∫
ωα
a
a x˙
α which is gauge invariant since
ωα
a
a is a U(1) gauge field, corresponding to the U(1) factor in the holonomy group
U(n) = SU(n)×U(1) (where n is the complex dimension of the manifold). In a general
manifold we can attempt to consider a similar term
∫
Γαβα x˙
α but that fails since it is
a total derivative
∫
∂t ln g = 0. The term we discussed is invariant because we restrict
ourselves to holomorphic transformations.
Therefore, at one loop, using a gauge invariant regularization, is equivalent to
replacing Dj → ∂j in the third term of S(2). From the Dt part however we get the
second term whose expectation value is precisely the gauge invariant term that we
have just discussed.
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Now we do a Fourier transform (we assume the background fields are approximately
constant from the point of view of the fast variables ξa):
ξa(x, t) =
∫
ddk
(2π)d
dω
2π
ξa(k, ω) eikx+iωt (4.20)
and get the ξa propagator
〈ξa¯(k1, ω1)ξb(k2, ω2)〉 = (2π)
d+1
λk21 + 2iµω1
δa¯bδ(k1 − k2)δ(ω1 − ω2) (4.21)
With this we compute 〈S(2)〉. At this point we get delta functions evaluated at zero
in momentum space that can be interpreted as spatial and time integrations of the
background fields, namely δk(0)δw(0) =
∫
ddx dt
(2π)d+1
. The result is
〈S(2)〉 = 2µC
∫
ddx dt ωα
a
a x˙
α
0 − λC
∫
ddx dtRµν¯ ∂jx
µ
0∂jx
ν¯
0 (4.22)
where C is the integral over a thin momentum shell (b→ 0+):
C =
∫ Λ
Λe−b
ddkdω
(2π)(d+1)
1
λk2 + 2iµω
≃b→0 1
(4π)
d+1
2
1
2µΛ−d
Γ(2+d
4
)
Γ(d
2
)Γ(1 + d
4
)
b = C¯b (4.23)
is the momentum integral and we defined C¯ = limb→0(C/b). The cut-off was introduced
through
(λ2k4 + µ2ω2) ≤ λ2Λ4 (4.24)
so that Λ is interpreted as a momentum cut-off (k ≤ Λ). The energy cut-off is ω ≤ µ
λ
Λ2.
As expected we see the correction to be of order 1/(µΛ−d) as we discussed in the
previous section.
Therefore, ignoring all terms higher order in derivatives (since we are considering
a low energy expansion of the effective action), the one-loop terms effectively shift the
metric and gauge field to
g˜µν¯ = gµν¯ − CRµν¯ (4.25)
A˜µ = Aµ + 2i C ωµaa (4.26)
A˜ν¯ = Aν¯ − 2i C ωµ¯a¯a¯ (4.27)
Now we use that
Rµν¯ = −∂µν¯ ln det gρσ¯ (4.28)
and
ωα
a
a = e
a
ν e
ν
a;α = e
a
ν ∂αe
ν
a + Γ
β
αβ = −i∂αφ+
1
2
∂α ln det gρσ¯ (4.29)
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where φ in an undetermined phase that depends on the choice of vielbein through
det eaν = e
iφ
√
det gρσ¯. Fortunately, when replacing in the action, φ appears in a total
derivative:
∫
∂tφ = 0 (actually this is the statement that such term is U(1) gauge
invariant). Using now the fact that Aµ = i∂µK and gµν¯ = ∂µν¯K we see that the action
has exactly the same form (2.2) but with a Ka¨hler potential
K˜ = K + C ln det gρσ¯ (4.30)
Now we go to the second step and rescale the coordinates xj → ebxj and t→ e2bt
in order to restore the cut-off to its original value Λ (namely k → e−bk so the new k
extends to Λ instead of e−bΛ). This is the standard cut and stretch procedure that
zooms into the low energy region. From the action we see that this just rescales K by
ebd. So we get
K˜ = K + b
(C¯ ln det gρσ¯ +Kd) (4.31)
where C¯ = C/b, i.e. we extract the b factor. We can then write a β-function as
βK = ∂bK = C¯ ln det gρσ¯ +Kd (4.32)
In terms of the metric we have
∂bgαβ = −C¯Rαβ + d gαβ (4.33)
For a relativistic sigma model this type of equation is well-known. The only point we
needed here is that the term linear in time derivatives also renormalizes in the same
way and the action has an invariant form3. This equation has an Einstein metric as a
fixed point. If we are away from the fixed point, the metric flows. The first thing to
note is that the volume changes under such flow since:
∂b
√
g =
1
2
√
ggαβ∂bgαβ =
1
2
√
g
(−C¯R + d(2n)) (4.34)
where R is the Ricci scalar. For the volume V =
∫ √
g, we get
1
V
∂bV =
1
2
(−C¯r + d(2n)) , with r = 1
V
∫ √
gR (4.35)
Then, as a final step, we can rescale K in such a way that the volume is fixed. Rescaling
K → eχbK with χ = r
2n
C¯ − d the flow equation becomes
∂bgαβ = C¯
(
−Rαβ + r
2n
gαβ
)
(4.36)
3We should note also that the relativistic calculation is special in two dimensions since then the
classical action is scale invariant and the second step, namely rescaling the coordinates, does not
change the metric. Therefore, the second term on the right hand side of (4.33) is absent in that case.
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which is the so-called normalized Ricci flow. In the case of a compact Ka¨hler manifold,
under this flow, the metric is known to flow to a Ka¨hler-Einstein metric [48]. However,
we are interested also in the non-compact case of which we consider an example in the
next section.
Finally, to compensate for the rescaling of K we have to rescale µ and λ getting
βµ = −χµ (4.37)
βλ = −χλ (4.38)
We see that the ratio µ/λ is fixed. We only change an overall scale in the action. Since
C¯ is small where the one-loop approximation is valid we have χ < 0. That means that
the overall factor in the action grows and the system becomes classical. This is just
the naive idea that as we lower the cut-off there are more spins in the minimal volume
and therefore the system is more classical. The one-loop result is a small correction.
To summarize, the final result is that as we lower the cut-off the system becomes
more classical and the metric flows to an Einstein metric.
Note that in the SU(2) case (2.1) the metric of the sphere is already Einstein so
nothing happens except that the system becomes classical in the infrared as follows
from the simple reasoning already explained. However, in general the problem remains
non-trivial. For example if we would want to compute the finite temperature partition
function, then, at low temperature we need the partition function of a classical ferro-
magnet which is a non-trivial problem already studied for example by Polyakov using
Wilson’s renormalization group in [45]. However, in the case of interest for the reduced
string action we have d = 1 and the classical partition function can actually be com-
puted simply by considering the problem as the evaluation of a quantum mechanical
propagator where the eigenstates are spherical harmonics. The result is
Zcl.(β) =
∫
D~ne−βλ2
∫ L
0
(∂σ~n)2 dσ =
√
βλΛ∑
ℓ=0
(2ℓ+ 1)e−
L
βλ
ℓ(ℓ+1) (4.39)
From the field theory point of view, this partition function determines the distribution
of the lowest anomalous dimensions of very long operators in the SU(2) sector.
5. A particular case
When studying strings propagating inAdS5×Y p,q a sigma model of the type we consider
in this paper appears. The complex manifold has two complex dimensions z1,2 with an
SU(2) isometry. The Ka¨hler potential depends on ρ = z¯1z1+ z¯2z2. Parameterizing the
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complex coordinates as
z1 = sin
θ
2
e−
i
2
(β−φ)√ρ (5.1)
z2 = cos
θ
2
e−
i
2
(β+φ)√ρ (5.2)
the action becomes
S = iµ
∫
dσdtKx
(
β˙ + cos θφ˙
)
(5.3)
+
1
4
λ
∫
dσdt
{
Kx
(
(∂σθ)
2 + sin2 θ(∂σφ)
2
)
+Kxxdx
2 +Kxx (∂σβ + cos θ∂σφ)
2}
where it turned out to be convenient to use x = ln ρ as a coordinate. From the positivity
of the metric we see that we need Kx > 0 and Kxx > 0. We can now compute
det gρσ¯ = e
−2xKxKxx (5.4)
and therefore the RG equation is
∂bK(x) = C¯
(
−2x+ lnKx + lnKxx + dC¯K
)
(5.5)
where we used eq.(4.33) since now the manifold is non-compact and it is not clear that
normalizing the volume is appropriate. In the case studied in [39], the manifold has
orbifold singularities at ρ = 0,∞. Therefore we are in the non-compact case and no
rigorous mathematical result applies (at least that we know of). The type of singularity
is such that K behaves as
K ≃x→±∞ η±x+ A±eα±x +O
(
e2α±x
)
(5.6)
Using this in the RG equation we can see that α± are not renormalized. The slopes η±
however, change according to:
∂bη± = C¯
(
α± − 2 + dC¯ η±
)
(5.7)
The fixed point is at η± = − C¯d (α±− 2). The problem is, however, that if the slopes η±
are not at the fixed point then they flow away from it. This means that we have to
start with the correct value of α± and η±. By fixing the metric at the end points, we
expect that the system behaves as in the compact case and flows to the Ka¨hler-Einstein
metric although we did not verify that explicitely.
– 13 –
If we study the simplified model proposed in [39] it turns out that the constraints
on the slopes are not satisfied4. This means that the model, or at least the way in
which the continuum limit was taken, was perhaps too naive.
The general idea however seems correct in the sense that an infinite class of mod-
els flow to the IR fixed point implying that most of the details of the gauge theory
disappear. This is specially true in the compact case. Therefore we conclude that the
(classical) string action captures only the main features of the dilatation operator.
6. Conclusions
Motivated by some ideas described in [39], in this paper we studied the one-loop renor-
malization of certain actions given in terms of a Ka¨hler potential K. We showed that,
as expected, when we lower the cut-off, the system behaves more classically and K
flows to a Ka¨hler-Einstein metric. This follows from a known mathematical result
for Ka¨hler-Ricci flows on compact manifolds. In the case of the reduced action, non-
compact cases also appear and we suggested that by putting appropriate boundary
conditions, the same result should follow. However a more detailed analysis of this
point is desirable.
One point to emphasize is that we consider the action from a low energy effective
action point of view. The action has infinite number of terms and we consider only the
lowest ones in an expansion in derivatives. In this sense we study the renormalization
group of only those terms and ignore the others which are irrelevant (at least in the
case d = 1 that we are interested in).
From a generic perspective, this action computes the anomalous dimensions of long
operators in the large-N limit of a field theory. We see that, when the operators are
very long, and we concentrate in the lowest anomalous dimensions, the effective action
is determined by a fixed point and therefore is largely independent of the details of the
theory. The hope is then that the large N-limit of a gauge theory could be independent
of a detailed evaluation of the planar diagrams and should be given by statistical
considerations (at least when dealing with large number of fields or particles).
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